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Abstract
A new two-step theory is investigated for predicting the deflection and slope of an entire structure using strain measurements at discrete locations. In the first step, a measured strain is fitted using a piecewise least-squares curve fitting method together with the cubic spline technique. These fitted strains are integrated twice to obtain deflection data along the fibers. In the second step, computed deflection along the fibers are combined with a finite element model of the structure in order to interpolate and extrapolate the deflection and slope of the entire structure through the use of the System Equivalent Reduction and Expansion Process. The theory is first validated on a computational model, a cantilevered rectangular plate wing. The theory is then applied to test data from a cantilevered swept-plate wing model. Computed results are compared with finite element results, results using another strain-based method, and photogrammetry data. For the computational model under an aeroelastic load, maximum deflection errors in the fore and aft, lateral, and vertical directions are -3.2 percent, 0.28 percent, and 0.09 percent, respectively; and maximum slope errors in roll and pitch directions are 0.28 percent and -3.2 percent, respectively. For the experimental model, deflection results at the tip are shown to be accurate to within 3.8 percent of the photogrammetry data and are accurate to within 2.2 percent in most cases. In general, excellent matching between target and computed values are accomplished in this study. Future refinement of this theory will allow it to monitor the deflection and health of an entire aircraft in real time, allowing for aerodynamic load computation, active flexible motion control, and active induced drag reduction. curvature at s, in -1 eigen-matrix corresponds to master degrees of freedom eigen-matrix corresponds to slave degrees of freedom (*) T transpose of a matrix (*) -1 inverse of a matrix
Nomenclature

Introduction
Real-time measurement of the deflection and slope of aerospace structures in flight is a valuable tool for improving aircraft performance, safety, and efficiency. Potential applications include structural health monitoring, flexible motion control, induced drag reduction through active aerodynamic tuning, real-time aerodynamic load calculation, and virtual display of structure motion. Flight-test methods of deflection measurement can use cameras (ref. 1) and while these methods can be effective for test flight, they are impractical for permanent installation and long term reliability. In addition, they are only able to measure deflection at discrete locations. The light weight and accuracy of fiber optic sensors, such as fiber Bragg gratings (FBGs), make them an ideal choice for aerospace applications. This statement is especially true on lightweight aerospace structures, where conventional strain-gauges and associated cabling would present an issue in both weight and bulk. Recently developed fiber optic strain sensing (FOSS) technology uses a series of FBGs to obtain measurements at intervals as small as every half inch along a fiber and at frequencies of several kHz (ref. 9). The ability of FBGs to operate at such high frequencies makes them useful for both static and dynamic aerospace applications.
The availability of wing deflection and slope data, and the corresponding internal and external load values, at all element grid points across the structure will allow engineers to undertake more accurate, real-time analyses of both internal and external loads at any point on the structure, and will enable real-time virtual display of wing motion. Real-time internal and external load values over the entire surface of a structure may also find application in structural health monitoring, active flexible motion control, and active induced drag reduction.
At present the above-described prior art methods are suitable only for calculating deflection and load values along singular fibers or in localized areas based on the location of the sensors used to measure strain on the surface. What is needed is a way to compute the deflected shape of an entire three dimensional structure using strain measurements from discrete locations. This would vastly improve the ability to monitor the health and behavior of a complex three dimensional structure such as an aircraft in flight.
It is, therefore, an object of the present study to provide a system and method for calculating wing deflection and slope over the entire surface of a three dimensional structure, as opposed to finite points thereon as in previous research. This paper focuses on a strain-based method that integrates strain data to compute out of plane deflection along fibers, and then uses a finite element (FE) model to interpolate and extrapolate all the deflections and slopes of the entire structure. Two experiments are completed in this study. The first experiment investigates the accuracy of the theory by applying it to a cantilevered rectangular wing model analyzed using the MSC/NASTRAN code (MSC Software Corporation, Newport Beach, California) (ref. 10). The second experiment applies the theory to experimental data collected from a test plate fabricated and tested at the NASA Armstrong Flight Research Center (AFRC) in Edwards, California.
Mathematical Background of the Two-step Theory
The structural dynamics group at NASA AFRC have developed a two-step theory and accompanying software to predict the deflection and slope of an entire structure using strain measurements from discrete locations. Figure 1 shows a block diagram of the overall system architecture. This paper is mainly focused on the deflection analyzer and expansion module. As indicated in the introduction the wing is equipped with FOSS segments for measuring strain at multiple locations on the wing structure. The strain is computed at each (x, y, z) location of the FBG sensors in real time. The system architecture adapted for an aircraft is essentially a computerized feedback loop capable of executing the various software modules, including a strain assembler software module for accumulating, indexing, and storing measured strain values in a strain matrix organized by the FOSS segment from which they were derived. Assembler software then passes the strain matrix to a deflection analyzer which calculates deflection along the optical fibers by the curve fitting techniques in section A.
First Step (Deflection Analyzer)
In the first step, a structure is fit with fiber optic cables that take strain measurements at several points along the length using AFRC FOSS technology. For experimental data, strain measurements along each fiber are divided into segments, and each segment is curve-fit using a piecewise least-squares method in order to minimize measurement noise. After noise reduction, an Akima spline is run through the strain data and is numerically integrated twice to compute the slope and deflection along each fiber. The first step can be summarized as follows:
1. Fit the strain/offset (or curvature) data using the piecewise least-squares curve fitting method to minimize noise in measured data. A coordinate system used in this study is shown in figure 2. 2. Obtain a cubic spline function using re-generated curvature data points as shown in figure 3 ,
where, ( ) and c( ) are strain and vertical offset values at s, respectively, and s is along the fiber direction. A small motion assumption is used in equation (1). In figure 2 , the radius of the fiber is assumed to be small enough compared with offset distance ( ).
3. Integrate the fitted spline function to get slope data: ( ) (slope in fiber direction).
4. Obtain a cubic spline function using computed slope data. 5. Integrate the fitted spline function to get the deflection data: ( )
The calculated deflection data ( ) along each FOSS segment is then passed to an expansion module which expands the calculated deflection data to all points along the three dimensional wing surface. This expansion procedure is explained in section B.
Second Step (Expansion Module)
In the second step, computed deflection along the fibers is combined with a FE model of the structure in order to interpolate, and extrapolate the deflection and slope of the entire structure through the use of System Equivalent Reduction and Expansion Process (SEREP) (ref. 11 ). Re-arrange all the degrees of freedom (DOF) in the FE model as equation (2):
where, { ( )} is the master DOF. In this approach, deflections and slopes along the fiber obtained from the first step are defined as the master DOF. The rest of the deflections and slopes all over the structure are defined as slave DOF, { ( )}. Consider the following coordinate transformation for the model reduction and expansion techniques as equation (3):
where, { ( )} is the measured master DOF which was computed from the first step. From SEREP, the transformation matrix [ ] can be expressed as equation (4):
where, and are eigen-matrices corresponding to master and slave DOFs, respectively. These eigen-matrices are computed from the FE model of the test article using the MSC/NASTRAN code. From equations (2) through (4), all the DOF in the structure can be computed using equation (5):
The first and second steps are summarized in figure 4 . While several methods have been developed to compute deflection along single fibers, the innovative ability of the method proposed in this study to predict the deflection and slope of an entire structure makes it an excellent candidate for monitoring the health and behavior of a complex aircraft in flight.
Results and Discussions
The theory is first validated on a computational model, a cantilevered rectangular plate. The theory is then applied to test data from a cantilevered swept-plate model. Computed results are compared with finite element results, results using another strain-based method, and photogrammetry data.
Computational Validation
For initial validation and refinement of this theory, three test load cases are run on a rectangular plate Figure 6 (a) shows the curvature distribution for fibers 1 and 11 computed by the MSC/NASTRAN code and the two-step approach after the first step under a 1g load. Corresponding wing deflections along the fibers 1 and 11, and over the FE model are shown in figures 6(b) and 6(c), respectively. Wing tip deflections along the fibers 1, 3, 5, 7, 9, and 11 are given in table 1. Target data in this table are computed using the MSC/NASTRAN code. As shown in table 1, the wing tip deflection errors in this sample problem under a 1g load are equal to and less than 0.06 percent and 0.8 percent after the first and the second steps, respectively. In this study, strain sensors are located quadratically toward the root of the wing in order to yield a more accurate result for a given number of sensors. For each fiber, a total of 50 strain sensors are used in this rectangular wing problem. Figure 6 (d) shows wing slope in roll direction along the fibers 1 and 11, respectively. Wing tip slope along the fibers 1, 3, 5, 7, 9, and 11 are given in table 2. Similar trends occurred in the slope data as had in the deflection data. Errors of the wing tip slope under a 1g load are 0.1 percent and 1.3 percent after the first and the second steps, respectively. In general, normalized wing tip slope error for a given setup is roughly twice larger than the corresponding deflection error. Relatively small computation errors are observed in the case of the 1g load condition. Figure 7 (a) shows the curvature distribution for fibers 1, 3, 5, 7, 9, and 11 computed by the MSC/NASTRAN code and the two-step approach after the first step under the wing tip torsion condition. Corresponding wing deflections after the first step and over the FE model after the second step are shown in figures 7(b) and 7(c), respectively. Figure 7(d) shows wing slope in roll direction along the fibers 1, 3, 5, 7, 9, and 11 after the first step. Wing slopes are in excellent agreement with the target MSC/NASTRAN results after the first step.
Under 1g Load
Under Wing Tip Torsion Load (1 lb upward at the leading-edge and 1 lb downward at the trailing-edge)
Wing tip deflections and roll slopes along the fibers 1, 3, 5, 7, 9, and 11 after the first and the second steps are given in tables 3 and 4, respectively. The second step in these tables are based on the first 50 modes. The number of modes in the second step is selected based on the convergence study in this section. The wing tip deflection errors are 1.9 percent and 1.6 percent after the first and the second steps, respectively.
The effect of the number of modes on the wing deflection and slopes are studied and results are shown in figures 8 through 10. Wing deflections are not affected too much on the number of modes as shown in figure 8 . However in figure 9 , wing slopes in the roll direction near the leading-edge of the wing tip section are noticeably affected. Torsional deformation due to a concentrated load at the wing tip is difficult to fit with a small number of modes. When the total number of modes for the second step increases, then this wiggling near the leading-edge of the wing tip becomes smoother. Due to the same reason, wing slopes in the pitch direction near the leading-edges of the wing tip section in figure 10 are affected by the number of modes for the second step. Wing slopes in the pitch direction are not computed during the first step. Compare the figure 10(a) spread of data near the leading-edge of the wing tip section to that of figure 10(d).
Target wing tip slopes computed using the MSC/NASTRAN code are compared with the corresponding computed values in tables 4 and 5. As shown in table 4, the maximum of 0.12 percent error in the wing tip slope in the roll direction becomes a second step maximum of -7.9 percent error. A maximum error of 6.1 percent is observed for the wing slope in the pitch direction as shown in table 5. In this study, 1 lb upward and 1 lb downward loads are applied to simulate wing tip torsion. Relatively large computation errors compared to the 1g load condition are observed near the applied load point. It should be noted that only the second step is a FE model dependent approach.
Under 1° Angle of Attack at Mach 0.715
In this study, the ZAERO code is used to have aeroelastic wing deformations. Figure 11 (a) shows pressure distribution over the rectangular wing under 1° angle of attack at Mach 0.715 and a dynamic pressure of 1.4 psi. Pressure in figure 11 (a) is splined to have an applied aerodynamic load vector at the structural grid points as shown in figure 11(b) . The MSC/NASTRAN code is used to compute target strain distributions, as shown in figure 5(d) ; and the target and computed curvature distributions for fibers 1, 5, 9, 13, 17 , and 21 after the first step are shown in figure 12 (a). In the case of a two nodes beam element, strains are calculated at the center of each beam, and therefore, extrapolation of curvature is needed at two end points of each fiber. The length of a beam element near the wing tip area is relatively large, and therefore, small extrapolation errors are observed at the wing tip section.
The Z deflections along each fiber from the first step are used in the second step to compute wing deflections and slopes at all the grid points in the FE model. Three dimensional wing deformation shape is shown in figure 12(b) . Figure 13 shows a comparison between target and computed wing deformation. In figures 13(a) through 13(f), it can be concluded that not only Z deflection, but also X and Y deflections; and roll, pitch, and yaw slopes all have excellent matching with target values. Correlations at the wing tip section are summarized in table 6. The maximum relative error for Z deflection after the second step is 0.09 percent. On the other hand, maximum relative errors for Y and X deflections are 0.28 percent and -3.2 percent, respectively. A similar relative error trend is also observed for slope results in table 6. The maximum relative error for slope in roll is 0.28 percent as with the Y deflection; and the maximum relative error for slope in pitch is -3.2 percent, the same as the X deflection. In yaw direction, figure 13 (f), target and computed results are essentially zero. It should be noted in table 6 that the small Z deflection errors caused by extrapolation at the wing tip section after the first step are smoothed after the second step. Therefore, the average relative error 0.07 percent after the first step becomes 0.04 percent after the second step.
Experimental Testing
Once the theory has been validated on the computational model in the previous section, the theory is applied to experimental data from a test plate fabricated and tested at NASA AFRC. The test plate has a uniform chord length of 12 inches, leading-and trailing-edge lengths of 50 inches, a thickness of 0.19 inches, and is backward-swept at a 45°angle. Test plate is made of 6061-T6 aluminum with a Young's modulus of 10 Msi, a Poisson's ratio of 0.3, and a mass density of 0.098 lb/in 3 . A FE model with two load cases and the test setup are shown in figures 14 and 15, respectively. The top and bottom surfaces of the test plate are each fitted with three fiber optic cables. Each surface has one fiber located 0.5 inches from the leading-edge, one located 0.5 inches from the trailing edge, and one located at the mid-chord. Along each fiber are white dots used for photogrammetry imaging as shown in figure 15 . Load cases are applied by hanging calibrated weights to different points along the leading and trailing edges of the plate. Test data under a leading-edge and uniform load cases, as shown in figure  14 , are used in this study.
It is recommended that the fibers on an experimental model should be extended all the way to the root to minimize the computation error since the boundary conditions are applied at the root section of a wing. One correction that needs to be made to the model is due to large deflection. For a beam in pure bending, the curvature is given by equation (6) where ( ) is the surface strain, and ( ) is the distance from the neutral axis to the surface.
For the experimental model, the large deflection created an axial load in addition to a bending load. The resulting strain is given by equation (7).
To account for the non-linear effect, the curvature yielded by equation (6) cannot be integrated directly to compute deflection and slope. Averaging the curvatures calculated by using each fiber individually eliminates the effect of the axial load. This computation is performed after curve-fitting each set of data individually to minimize noise.
To reduce noise, each set of raw strain measurements is divided into five span-wise segments which are each fit with cubic polynomials calculated using piecewise least squares curve fitting. An actual fit along the upper and lower leading-edge fibers are shown in figure 16 . Cubic polynomials are used because they are capable of following the data without creating too much wiggling. Five segments are chosen because it is the lowest number of segments that allows the cubic polynomials to reasonably follow the data.
Complete results can be found in figures 17 and 18 which show the deflection computed after the first step and the second step with 10 modes. Results are compared to photogrammetry data and also to the solution computed by Bakalyar and Jutte (ref. 14) along each fiber. Results along the fibers are similar in accuracy to the referenced results (ref. 14) , and the general results smoothly interpolate the entire surface. This smoothness is especially apparent in figure 19 , which shows a close-up of the result from the FE model after the second step with 10 modes. Along the fibers, computed results after the first step are as or more accurate than the referenced results. Table 7 shows the computed tip deflection along each fiber compared to the deflection measured using photogrammetry. In general, the computed results are least accurate along the trailing-edge fiber. The maximum absolute error of about 0.20 inches occurred on the trailing-edge fiber during the leading-edge and uniform load cases. The maximum relative error of -3.8 percent occurred on the trailing-edge fiber during the leading-edge load case.
Most of the error is experienced on the trailing-edge fiber, and it is clear from the data that the error begins near the root and is propagated down the length of the wing. A possible explanation for this error at the root is the steep gradient in strain that occurs in this region as shown in figure 20. It should be noted that the largest strain gradient exists near the trailing-edge of the wing root section. Due to the limited number of strain sensors that are used, it is likely that the data obtained near the root are too coarse to accurately integrate the strain along the trailing edge fiber.
Conclusion
The two-step approach for computing all the degrees of freedom in a structural FE model from measured strain along the FOSS is successfully applied to a cantilevered rectangular wing model and a test plate. The first experiment investigates the accuracy of the theory by applying it to a cantilevered rectangular wing model analyzed using the MSC/NASTRAN and ZAERO codes. The wing tip deflection errors under a 1g load are equal to or less than 0.06 percent and 0.8 percent after the first and second steps, respectively. Errors of the wing tip slope in roll direction under a 1g load are 0.1 percent and 1.3 percent after the first and second steps, respectively.
On the other hand, the wing tip deflection errors under a wing tip torsion load are 1.9 percent and 1.6 percent after the first and second steps, respectively. If we exclude the leading-edge fiber case, then the maximum errors are -0.61 percent and 0.30 percent after the first and second steps, respectively. Wing slope errors in the pitch and roll directions are usually twice larger than the wing deflection errors. Maximum errors of 0.12 percent and 7.9 percent are observed for errors in roll direction after the first and second steps, respectively. The larger error for the results from the second step is mainly because the torsional deformation, due to a concentrated load at the leading-edge of wing tip, is difficult to fit with a small number of modes. Therefore, a large number of modes are needed to fit the plate deflection during the second step. This statement is also true for wing slope in the pitch direction which has a maximum error of 6.1 percent.
The two-step approach is tested with aeroelastic wing deformation in the last load case. Target aeroelastic deformations are obtained from MSC/NASTRAN and ZAERO codes. All six DOF computed and compared with target values. Maximum deflection errors in X, Y, and Z directions are -3.2 percent, 0.28 percent, and 0.09 percent, respectively, and maximum slope errors in the roll and pitch directions are 0.28 percent and -3.2 percent, respectively. It should be noted that all DOF in the FE model of the rectangular wing are computed based only on the wing deflection in the Z direction computed from the first step. These computed DOFs have excellent matching with target values.
The second experiment applies the theory to experimental data collected from a test plate fabricated and tested at the NASA AFRC. The deflections calculated from the experimental model are extremely accurate. Average absolute errors at the tip are less than 1.7 percent and 1.9 percent after the first and second steps, respectively. Tables   Table 1. Target data versus computed wing deflection in Z direction at the wing tip section under 1g load.
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